We present a conjectured exact formula for overlaps between the Bethe states of the spin-1/2 XXZ chain and generic two-site states. The result takes the same form as in the previously known cases: it involves the same ratio of two Gaudin-like determinants, and a product of single-particle overlap functions, which can be fixed using a combination of the Quench Action and Quantum Transfer Matrix methods. Our conjecture is confirmed by numerical data from exact diagonalization. For one-site states the formula is found to be correct even in chains with odd length, where existing methods can not be applied. It is also pointed out, that the ratio of the Gaudin-like determinants plays a crucial role in the overlap sum rule: it guarantees that in the thermodynamic limit there remains no O(1) piece in the Quench Action.
Introduction
Integrable quantum mechanical models are special many-body theories, where the eigenvalues and eigenstates of the Hamiltonian are known exactly [1, 2] . Moreover, in many cases even thermodynamical properties and correlation functions can be computed [3, 4, 5] . There is a vast literature devoted to the study of equilibrium properties of models such as the XXX and XXZ chains, which play a central role due to their relative simplicity despite their interacting nature, and their experimental relevance. Recently an increasing attention has been focused on the study of overlaps. The main question is: how can we compute the overlaps between exact eigenstates of integrable models and certain "initial states", and what is the class of states for which exact analytic results are to be expected. The motivation to study this problem comes from (at least) three different areas of research: Quantum Quenches, the AdS/CFT conjecture, and finite temperature problems.
First of all, the study of non-equilibrium situations raised the question whether isolated integrable systems equilibrate to Generalized Gibbs Ensembles (GGE's) [6, 7, 8] . One way towards a definite answer is to compute the long time limit of observables from first principles and to compare it to the prediction of the GGE. This approach relies on the knowledge of the overlaps: they are used as an input for the Quench Action (QA) method [9] , which selects those Bethe states that are relevant for the long-time limit of local observables. Thus it was necessary to obtain exact formulas for the overlaps with Bethe states, and this program has been carried out for certain initial states of the spin-1/2 XXZ model [10, 11, 12, 13] . These results lead to the understanding that the GGE built from the so-called ultra-local charges is not sufficient to describe the stationary states [14, 15] , but an extended GGE that incorporates all the (recently discovered) quasi-local charges [16] gives correct predictions [17] , at least for the XXZ chain.
The Complete GGE specified in [17] (see also [18, 19, 20] ) is self-sufficient without the knowledge of the overlaps: it completely determines the relevant Bethe states through certain relations called the "string-charge duality" [21] . The effectiveness of this approach has been demonstrated for different types of initial states in [17, 22, 20] . This raises the question whether the study of overlaps is still relevant for the non-equilibrium problems. We believe the answer is a definite yes. On the one hand, the overlaps are necessary ingredients for certain methods computing the finite time dynamics [23, 24, 25] . On the other hand, in systems with higher rank symmetries the overlaps "lead the way" once again: there are cases where the QA method is worked out [26] using exact overlap formulas [27] , but the GGE is not yet established. Also, a different viewpoint was laid out in [28] , which focused on the question of which initial states can be considered "integrable", i.e. when do common features of integrability show up in the overlaps, the time evolution, and the stationary states. It was argued in [28] that very generally it is the subclass of integrable initial states where exact (factorized) overlap formulas can be expected. Having a precise definition of integrability and different methods to test it, it is now an interesting problem to find exact overlap formulas for integrable initial states, beyond the known cases, both in the spin-1/2 XXZ chain and other models. Closely related questions about overlaps have been investigated in Integrable QFT's in the papers [29, 30, 31] .
A second motivation to study exact overlap formulas comes from the AdS/CFT conjecture, where the overlaps describe one-point functions of composite operators [32, 33] . This line of research led to new overlap formulas, which include overlaps with integrable MPS's in the spin-1/2 XXX chain [32, 34, 33] and the SU (3)-symmetric model too [27] . In the XXX chain the MPS's in question were shown to be zero-momentum components of two-site states or finitely entangled states obtained by the action of transfer matrices on two-site states, whereas the interpretation of the MPS of [27] within integrability is not yet known.
Finally, the third motivation to study overlaps comes from finite temperature problems: It was shown in [35] that the boundary free energy of the XXZ spin chain can be calculated in the Quantum Transfer Matrix (QTM) framework by the Trotter limit of an exact overlap (see also [36] ). The situation is analogous to integrable boundary QFT, where the object in question is the exact overlap between the finite volume ground state and a boundary state [37, 38] , although in QFT this quantity is computed more easily from Thermodynamic Bethe Ansatz [39, 40] .
Regarding the XXZ spin chain, existing overlap formulas [10, 11, 12, 13, 34] concern two-site states that are described by the diagonal K-matrices (see main text for definitions). The most studied examples are the Néel and dimer states. On the other hand, there are exact results available for quenches from other two-site states [41] , although these results apply to the thermodynamic limit directly. It was shown in [28] that in the spin-1/2 case all two-site states are integrable, therefore it is natural to expect that there are exact finite volume overlap formulas for arbitrary two-site states. The construction of such formulas is the problem that we investigate in the present work.
In the next section we collect a number of existing results for overlaps and quenches, and we point out an important link between the relevant finite volume and infinite volume calculations. This connection is then used in Section 3 to conjecture an exact overlap formula for generic K-matrices. At present we do not have a proof of our result; numerical checks confirm its validity, and it is shown to have the correct thermodynamic limit. In Subsection 2.5 we also point out an interesting relation between the Gaudin-like determinants appearing in the overlaps and the calculation of the overlap sum rule within the Quench Action framework.
Overlap formulas -Ingredients

The model and its Bethe Ansatz solution
We consider the anti-ferromagnetic spin-1/2 XXZ Heisenberg model on a chain of length L with periodic boundary conditions. The Hamiltonian is
Here ∆ is the anisotropy parameter. In this work we will focus on the massive regime (∆ > 1), but we expect that our results will be applicable to most states even in the ∆ < 1 case 1 . This Hamiltonian can be diagonalized by the Bethe Ansatz [43, 44, 45, 46] . The eigenstates are constructed as interacting spin waves over a ferromagnetic reference state and they are characterized by a set of rapidities {λ} N ; for the states we will use the notation |{λ} N . In the coordinate Bethe Ansatz representation the un-normalized wave function can be written as
Here s j denote the positions of the down spins over a ferromagnetic reference state with all spins up, and we assume s j < s k for j < k. The parameter η is given by the relation ∆ = cosh η and the rapidities {λ j } characterize the spin waves. The Bethe wave function is invariant with respect to a shift λ j → λ j + π for every j (up to an irrelevant phase for odd L), therefore we assume
The state (2.2) is an eigenstate if the Bethe equations hold:
In this case the energy is given by
In this parametrization in the regime ∆ > 1 the one-string solutions to the Bethe equations lie on the real axis. The Bethe equation also allows for the so-called n-string solutions that are centered on the real axis:
where u is the string center and δ k are the string deviations that become exponentially small in the thermodynamic limit. In the thermodynamic limit the solution to the Bethe equations can be characterized by root and hole densities ρ n (λ), ρ (h) n (λ) for the n-strings. It follows from the Bethe equations that these functions satisfy [3] ρ n + ρ
where 8) and the convolution of two functions is defined as
Integrable initial states
Given an initial state |Ψ 0 we are interested in the normalized squared overlaps
Before starting any calculations one has to decide which initial states to consider. The choice of |Ψ 0 can be motivated by their experimental relevance, their relation to other problems in mathematical physics [32, 34, 33] , or their inherent integrability properties. In the present work we follow the latter approach and consider a special class of states that were called "integrable initial states" in the recent work [28] . They include the Néel and dimer states, and other finitely entangled Matrix Product States (MPS's). These states are relevant both for an experimental realization and for the AdS/CFT conjecture. Nevertheless we concentrate on their integrability properties.
Integrable initial states are defined as states that are annihilated by all odd (with respect to space reflection) conserved charges of the model [28] :
Here the charges are defined in the usual way from the transfer matrix of the model [28] , or alternatively, they can be generated in a formal way using the so-called boost operator [47] . The eigenvalues of the charges on Bethe states are additive: 12) where q 2j+1 (λ) are known functions satisfying q 2j+1 (λ) = −q 2j+1 (−λ). It follows from (2.11) that the only non-vanishing overlaps are those where the Bethe rapidities display the pair structure:
where λ S are special rapidities for which q 2j+1 (λ S ) = 0. For ∆ > 1 we have {λ S } ⊂ {0, π/2}. It was shown in [28] that a subclass of integrable states are those two-site states that are generated by local K-matrices of the boundary Algebraic Bethe Ansatz. The construction of [28] can be carried out for an arbitrary integrable spin chain with local dimension d ≥ 2, if the R-matrix admits an appropriate crossing symmetry transformation. Integrable states are given as
where 15) where K(u) is a solution to the reflection equations [48, 49] 16) and the matrix V is a similarity transformation describing crossing of the fundamental Rmatrix:
with γ(u) being a known function, which depends on the overall normalization of the Rmatrix. In the spin-1/2 chain we have V = σ y and the solutions to (2.16) form a 3-parameter family of matrices [50] . We use the parametrization
It follows that every two-site product state is integrable, because for each |ψ there are appropriate (α, β, θ) parameters reproducing it (apart from the irrelevant overall phase and normalization) 2 . For the sake of completeness we give here the explicit formula for the twosite block:
where we neglected an irrelevant factor of (i).
In [28] it was also shown that a wider class of integrable initial states can be generated by acting with the fundamental or fused transfer matrices on the two-site states. These states can be represented as Matrix Product States (MPS) with finite bond dimension, therefore they have finite entanglement and can approximate ground states of gapped Hamiltonians. However, these states will not be considered here, we will only focus on the local two-site states.
Previous exact results for the finite volume overlaps
Previous results in the literature concern the Néel and Dimer states, where the two-site blocks are given by
They belong to the class of generalized dimer states
These states are generated by the diagonal K-matrices, which can be obtained from (2.18) through the β → ∞ limit. Alternatively, they can be described by the parametrization A special property of these states is that every two-site block has exactly one down spin, and so for non-vanishing overlaps the number of particles is always N = L/2. Moreover, the structure of the overlaps is essentially the same for arbitrary ξ: a simple argument [10, 51] based on the coordinate Bethe Ansatz wave function shows that for generic γ
(2.23) Therefore, it is enough to determine the overlaps with the Néel state. The first results for this problem appeared in [10] , where the following off-shell formula was derived for the unnormalized overlap:
where L is a N × N matrix with elements given by
It is important that (2.24) does not make use of the Bethe equations, and it merely represents an algebraic reorganization of the expression that can be obtained directly from the wave function (2.2). The idea behind the derivation of (2.24) is that the overlap can be related to a specific partition function of the six-vertex model, where the initial state |Ψ 0 plays the role of a reflecting boundary [10] . For diagonal K-matrices this partition function was expressed by Tsushiya as a determinant [52] , and (2.24) is a specific homogeneous limit of the Tsushiya determinant. Despite its compact and explicit form, (2.24) is not convenient for practical purposes. First of all it is not clear how to perform the thermodynamic limit of the determinant, and second, the expression (2.24) becomes singular for the physically relevant cases (2.13).
A much more useful representation for on-shell states was obtained in [11, 12] based on an intermediate result for the Tsushiya determinant given in [35] . It was first shown in the work [11] that the overlap is non-vanishing only for states with the pair structure, and for these cases it was found that
where
In (2.26) it was assumed that N is even and the Bethe state does not include the special rapidities {λ S } ⊂ {0, π/2}; for those cases different regularized formulas are needed [12, 23] . Based on the identity (2.23) it is possible to derive the overlaps with the other states generated by diagonal K-matrices, and they all take the form of (2.26) with a different single particle overlap function. For example for the Dimer state we get [15, 51] 
The matrix elements of G ± include a sign difference as compared to the formulas given in [11, 12] , but they agree with those of [53, 54] . This sign does not influence the resulting overlaps. We introduced it in order to have positive elements in the diagonal of the matrix, and to avoid confusion with earlier results when taking the thermodynamic limit.
Further overlap formulas were computed in the works [32, 34, 33] . These papers considered certain Matrix Product States (MPS's) in the SU (N ) symmetric models, that are relevant for the AdS/CFT conjecture. Regarding the case of the spin-1/2 XXX chain real space calculations were used to derive the overlaps with Bethe states with a low number of particles, and formulas of the form (2.26) were conjectured for higher particle numbers. It was shown in [28] that the MPS's in question are in fact integrable, and they can be identified either as zeromomentum components of specific two-site states, or they result as action of transfer matrices on such states. Exact overlap formulas were derived in [34] , which considered overlaps with the so-called partial Néel states. They are zero-momentum components of two-site states where ψ 11 = 0. According to (2.19) they correspond to a special scaling limit, where the Kmatrix becomes lower diagonal. For these cases an exact off-shell formula was derived, that is closely related to (2.24), with a modified matrix. However, in the on-shell case an exact result of the form (2.26) was obtained once again. The work [34] used a slightly modified version of the argument of Tsushiya [52] to obtain the off-shell result, but it was demonstrated in [55] that it is not evident how to apply this idea to the generic case with ψ 11 = 0.
The results of [32, 34, 33] seem to indicate that the on-shell overlaps are always of the form (2.26), even for off-diagonal K-matrices. However, this is somewhat misleading. These works only consider the SU (2) invariant chain, where every K matrix can be rotated to diagonal one. It is known that the Bethe vectors are highest weight states and that the spin lowering operators can be represented with infinite rapidity particles. Therefore, the SU (2) rotations can be evaluated on the Bethe vectors, and overlaps with off-diagonal K-matrices can be expressed with those of the known diagonal cases. This procedure is analogous to that used in [13] to study q-raised Néel states in the XXZ model. Nevertheless we believe that the method of [34] could be applied to lower diagonal K-matrices even in the XXZ case, which would then yield genuine new rigorous results.
Further results appeared in [27] , which considered MPS's for higher rank models. In the SU (3) case formulas analogous to (2.26) were obtained from coordinate Bethe Ansatz, with the determinants mirroring the nested Bethe Ansatz solution of the model. The resulting overlap formulas were used in [26] to study the corresponding quench situation, and it was later shown in [28] that the initial state is in fact integrable. On the other hand, the interpretation of these results within Boundary Algebraic Bethe Ansatz is not yet known, and this is an intriguing problem to be investigated in future work. However, in the present paper we content ourselves with the open questions of the spin-1/2 XXZ chain.
The Quench Action method
The Quench Action (QA) method [9] was devised to determine which Bethe states are relevant for the long-time behavior of physical observables in quantum quenches. The essence is to investigate the overlap sum rule 31) where the summation runs over all eigenstates of a finite volume system, and to select the states that dominate the sum in the thermodynamic limit. It can be argued that the same states determine the long-time averages of local observables [9] . The selection of the relevant states is achieved by transforming the finite sum into a functional integral over root densities, and minimizing the resulting Quench Action, which is defined as the combination of the overlap and entropy of a state with a given root distribution. The QA is completely analogous to the free energy functional of the finite temperature situation, therefore the resulting equations always take the form of (generalized) Thermodynamic Bethe Ansatz (TBA) equations [3] . Before exchanging the summation for a functional integral it is important to remember that for the integrable quenches considered here the non-vanishing terms in the sum (2.31) are the parity invariant Bethe states. Therefore, these states can be completely determined by listing the positive rapidities (defined either as ℜ(λ + ) > 0 for all roots, or λ + n > 0 for the string centers), and this affects the entropy associated to a given root configuration. For the O(L) term of the entropy in the QA we get a factor of 1/2 as compared to the formulas of the usual TBA. In the next subsection we also investigate the O(1) pieces, but first we collect the known formulas for the leading part. In [9] it was shown that the sum (2.31) leads to the functional integral
with S Y Y being the Yang-Yang entropy
The factor of 1/2 in front of S Y Y results from the aforementioned restriction on parity invariant states. In writing down (2.33) we assumed that the overlap is a known smooth function of the root densities. In particular, the TBA formalism can be applied if it can be written as
with g n (λ) being the n-string overlap functions. If (2.35) holds for most Bethe states in the thermodynamic limit (TDL), then the minimization of the Quench Action leads to the following set of generalized TBA equations [14, 19] : 36) where
Supplied with asymptotic conditions on the growth of Y j as j → ∞ these equations completely determine the root densities. We note that for a generic initial state there would be no guarantee that the overlaps lead to the form (2.35) in the TDL, and even if they do, the g n (λ) functions could be algebraically independent from each other. In fact, it is known that an analogous situation happens for non-integrable states in the framework of GGE [19] . On the other hand, a relatively simple situation arises if the overlap factorizes in finite volume.
We call an overlap factorizable if for on-shell states it can be written as
where C(L, N, {λ}) is a function that remains O(L 0 ) in the thermodynamic limit. The known exact results presented in subsection 2.3 were all factorizable. The separate pre-factor A L was not present in previous results, but it can be argued that such a factor necessarily appears for initial states having components with non-zero magnetization, in which cases the particle number is independent of L. In (2.38) we assumed the pair structure; we will argue below that factorizability is a property that indeed only holds for integrable initial states.
It is important that the formula (2.38) represents factorization on the level of the individual rapidities. For the string contributions in (2.35) we obtain 39) and this specifies the sources in (2.36) through (2.37). As a consequence, it can be shown that the solutions of the QA-TBA always satisfy the Y -system equations
The proof is straightforward by combining (2.36), (2.37) and (2.39) and making use of the relation
which follows from the integral representation (2.8) and is valid for any smooth function f (x). The Y-system is regarded as an important sign of integrability of the initial state, and it was used as a tool for finding exact solution to the TBA [14, 21] . In the Quench Action framework the Y-system ultimately follows from factorizability of the overlaps, which is expected to be a general property of integrable initial states [28] . Conversely, in the generic case where the Y -system does not hold [17, 19] , the overlaps with the initial state can not have the factorized form.
The overlap sum rule
It is worthwhile to investigate the overlap sum rule (2.31) in more detail, which sheds some light on the role of the Gaudin-like determinants in the overlaps. To this order we give a slightly different definition of the Quench Action.
In analogy with the partition functions in thermodynamics we define
with a large volume behavior given by
where s QA is the QA density, and ∆S is an O(1) piece that has not yet been investigated in the literature. From the definition we have the trivial identity S QA = 0, and our goal is to derive this within the Quench Action method, both for the leading and the sub-leading part. The extensive part is given by (2.33)-(2.35) evaluated at the saddle point solution. It was derived in [15, 51] that 44) where Y j (λ) is the solution of the QA-TBA (2.36) and v(λ) is the single-particle overlap function. Here it was assumed that the initial state has zero total magnetization 4 ; the formula is analogous to the expression of the free energy density within the usual TBA [3] . In [15, 51] the relation s QA = 0 was used as a consistency condition within the QA; it also served as a test for the accuracy of the numerical solution of the TBA equations.
In order to determine the finite term ∆S we first investigate the thermodynamic limit of the overlap formula (2.26). Previously we have treated the extensive part, which leads to (2.35) with the n-string overlaps given by (2.39). On the other hand, the ratio of the determinants in (2.26) gives a non-zero O(1) contribution. In order to evaluate this term the first step is to express the ratio of determinants using only the string centers. This task is analogous to finding the norm of Bethe states with strings [56] , and for the determinants in question it was performed in [23] . Denoting by λ n,a the n-string centers with index a we get
48) and ϕ x (λ) is given in (2.29).
In the thermodynamic limit the ratio of the two determinants leads to a ratio of two Fredholm determinants. The calculation proceeds through standard steps [57, 54, 58] and here we only give the main result. In the TDL we get
whereQ ± are integral operators that act on functions f n (λ) with a string index n defined for λ ∈ R + . The action of the integral operators reads
The second step to calculate the O(1) terms in the sum rule is to carefully consider the summation over the eigenstates and the transformation of the sum into a functional integral. It was explained in the papers [39, 40] (inspired by the earlier work [59] ) that in such situations there are two O(1) contributions: one coming from the density of states in rapidity space (corresponding to the change of variables from the integer momentum quantum numbers to the rapidities) and one from the quadratic fluctuations around the saddle point solution. The two terms depend on the nature of the Bethe equations. In the usual TBA setting with periodic boundary conditions the two contributions just cancel each other, whereas in a system with boundaries they combine to a finite and well defined term. In the overlap sum rule the only allowed states are those with the pair structure, and this corresponds formally to the boundary case, because both the density of states and the variations around the saddle point have to be calculated by varying only half of the rapidities. Therefore, the boundary results of [39, 40] apply, which read
whereQ ± are the same Fredholm that appeared as the limits of the Gaudin-like determinants. We note that the papers [39, 40] did not discuss theories with multiple particle species (such as the strings in the XXZ chain), however the generalization of the results given there is straightforward.
Combining the previous results we find that
as required by definition. Thus the ratio of the two Gaudin-like determinants ensures that the overlaps have the correct normalization in the thermodynamic limit. We believe that this has not been noticed in earlier works.
The present result applies to the states (2.21) generated by the diagonal K-matrices, where the overlap of the form (2.26) is rigorously proven. It is remarkable, that the O(1) terms do not depend on the free parameter of the initial state: for the overlap this follows from relation (2.23), whereas for the normalization of the functional integral it is a result of the pair structure. This leads to the conjecture, that the same Gaudin-like determinants should appear also for the generic K-matrices; this conjecture and its tests are presented in Section 3. In the Conclusions we discuss further implications of these observations.
Calculation of the Loschmidt echo
An important property of integrable two-site states is that the extensive part of the Loschmidt amplitude (also called the dynamical free energy) can be computed analytically. The Loschmidt amplitude is defined as the overlap of a time evolved state with the original initial state: 53) and the dynamical free energy is defined as
It was shown in [60, 41] that these quantities can be evaluated by a lattice path integral, where the initial and final states Ψ 0 | and |Ψ 0 play the role of boundary conditions. The corresponding partition function can be evaluated in the rotated channel by the so-called Boundary Quantum Transfer Matrix (QTM), if the two site block |ψ is identified with two 
In the thermodynamic limit the amplitude (2.53) will be given by the leading eigenavalue of the Boundary QTM, for which the following generalized TBA equations were derived in [41] 5 logỹ j = −4 sinh(η)w sδ j,1 +d j + s ⋆ [log(1 +ỹ j−1 ) + log(1 +ỹ j+1 )] , (2.57) such that the dynamical free energy is given by
andỸ j (λ) is the solution of (2.57) for w = 0. The source termsd j are independent of w and are determined by the parameters of the K-matrices. A number of specific cases were discussed in [41] , but we refrain from repeating the explicit formulas. Equation (2.57) will be called "Loschmit-TBA" in the rest of the paper.
An important central result of [41] was that the functionsỸ j satisfy the Y -system equations, which follows from the fusion hierarchy of the Boundary QTM. Also, it was shown that the first member is given explicitly by
where where we introduced the short-hand notation
Note that according to (2.55 ) N (0) describes the norm of the two-site block |ψ . Based on the similarities of the QA formulas (2.36) and those obtained for the Loschmidt echo it is very natural to identifỹ
which was known to hold for the diagonal K matrices [51] and was also checked explicitly for specific off-diagonal cases in [41] . Eq. (2.64) represents a close connection between the QA and QTM approaches: it implies that the integrability properties of the overlaps (i.e. factorizability) are closely related to the fusion hierarchy of the Boundary QTM. This is the observation that allows us to extract new finite volume overlap formulas from the Loschmidt-TBA.
The general overlap formula
In the previous section it was explained that (2.57) is a generalized TBA equation describing the Loschmidt-echo, valid for arbitrary K-matrices, such that the solution at w = 0 (corresponding to the Quench Action point) is exactly known through (2.60). If we assume that there exists a factorized overlap of the form (2.38), then (2.57) has to coincide with the QA-TBA (2.36) for that specific overlap. This is supported by the identification (2.64). In this case the single-particle overlap function can be "reverse engineered" by computing the overlap sources d j (u) in (2.36) and comparing them tod j (u) in (2.57). Instead of computing the source terms, we choose to operate only with the Y -functions and their singularity properties.
For example, for the first equation in the TBA we obtain the suggestive formula
Here we used the Y -system equations (2.40), and relations (2.37) and (2.39) for the overlaps. It is tempting to identify v(λ) = C/Y 1 (λ), however, this is misleading. Relation (3.1) gives information only about the poles and zeroes of the functions within the physical strip |ℑ(λ)| ≤ η/2. This follows from the identity
which can be obtained from the Fourier representation of s(λ) (2.8), or alternatively after a contour shift from (2.41), assuming that there are no singularities of log(h(x)) to be picked up. Therefore, (3.1) implies that v(λ) = h(λ)/Y 1 (λ), where h(λ) is free of poles and zeroes in the physical strip, and the poles (or zeroes) of Y 1 (λ) within the physical strip correspond to zeroes (or poles) of v(λ), respectively. In order to understand the dependence of the overlaps on the K-matrices it is useful to study the known cases. For a diagonal K-matrix of the form (2.22) the overlap function is
which is obtained from the relation (2.23) and the Néel overlap function (2.27). For Y 1 (u) the following result holds:
Eq. (3.4) could be obtained by taking the diagonal limit of the general formula (2.60), or from earlier results for the diagonal K-matrices [60, 51] . It can be seen that the only poles of Y 1 (λ) within the physical strip can be at λ = ±ξ, if ℜ(ξ) < η/2, and these poles are indeed reflected by the zeroes of v(λ). In the cases where ξ is outside the physical strip, the two singularities still move together, which is ensured by analytic continuation. The poles of v(λ) within the physical strip are the double poles at λ = 0, π/2, and direct calculation shows that indeed they correspond to zeroes of Y 1 (λ). There are additional poles of both v(u) and Y 1 (λ) at λ = ±iη/2 and λ = π/2 ± iη/2, but they lie on the boundary of the physical strip, and (3.1) does not give any information about them: the contributions of symmetrically located singularities at κ ± iη/2 cancel each other in (3.1) for any κ ∈ R, but they are relevant for the higher nodes of the TBA. The crucial observation here is that there are some fixed (ξ-independent) singularities of both functions, and extra zeroes of v(λ) that are determined by the ξ-dependent poles of Y 1 (λ). This is enough to conjecture the overlap function for the general case. For a generic K-matrix the poles of Y 1 are given by (2.62), and comparing to the previous result (3.3) we arrive at the conjecture
where C is a numerical constant that depends on the parameters (α, β, θ). A detailed analysis of all higher nodes in the TBA reveals that this overlap function indeed reproduces the correct source terms. We note that (3.6) does not include any "minimal analyticity assumption": any other functionṽ(λ) has to have exactly the same poles and zeroes as v(λ) in order to yield the correct Loschmidt-TBA, and combined with the symmetry properties we getṽ(λ) =Cv(λ). The overall normalization plays a similar role as a magnetic field in the thermodynamics: it influences the net magnetization. For states with zero total magnetization the constant C can be fixed by the overlap sum rule. In these cases we expect that A = 1 in (2.38), and the extensive part of the overlap sum rule (2.44) gives
Substituting h(λ) = sin(2λ + iη) sin(2λ − iη) into (3.2) we get
It can be checked that there are no zeros of N within the physical strip (this is most easily checked for the diagonal case (2.22)), which implies
From this we get the result
It is important that the previous arguments only fix the thermodynamic part of the overlap. On the other hand, Section 2.5 showed that the two Gaudin-like determinants produce just the correct normalization in order to satisfy the overlap sum rule, and the O(1) terms do not depend on the extensive part, they are fixed simply by the pair structure. Therefore it is tempting to assume that the finite part is always given by the ratio of the same Gaudin-like determinants. This leads to the general finite volume conjecture 11) with the matrices given by (2.28). As remarked in Sec. 2.4, the pre-factorÃ L−2N can be present for states with non-zero total magnetization. If formula (3.11) is correct, then it should also apply to the zero particle case, which fixesÃ:
Combined with (2.19) this gives the remarkably simple formula 13) with u(λ) given by (3.6).
It is useful to give a few comments about the formula (3.13). The denominator
can be interpreted as an overall normalization factor coming from the norm of a single twosite block |ψ , as given by (2.15) . The θ parameter of the K-matrix does not appear in the function u(λ), but it affects the norm N (0) and it appears in a separate pre-factor. This factor can be easily understood from the coordinate Bethe Ansatz: it can be seen from (2.19) that in the un-normalized vector |Ψ 0 the up/down spin components carry factors of e ±θ/2 , respectively; the Bethe vectors have fixed magnetization, therefore these factors multiply to the common pre-factor in (3.13) . It is also useful to investigate the diagonal limit of (3.13), which is reached by sending β → ∞. In this limit both N (0) and u(λ) diverge. It can be seen that the overlap scales to zero unless N = L/2, in which case the previous results are reproduced.
We have tested the conjectured formula numerically and found convincing agreement in all cases. A short discussion of the numerical results is presented in the Appendix. In the remainder of the section we compute a few specific cases for the overlap.
The first example is the tilted ferromagnetic state defined as
Here θ = log(cot(ϑ/2)) with ϑ being the tilting angle from the z-axis. This state is obtained from (2.19) by setting
In this case
Thus we get
It is an interesting idea to consider the tilted ferromagnetic states in spin chains with an odd number of sites. In these cases the integrability properties (or possible off-shell formulas) can not follow from Boundary Bethe Ansatz methods, because those imply an even number of sites. However, these one-site states are integrable even in odd volumes: they are annihilated by all odd charges, which follows simply from the additivity of the charges and the fact that the states are integrable in even volumes. Therefore, the overlaps satisfy the pair structure also in odd volumes. We have tested the formula (3.17) in odd volumes and found that it is indeed correct. This points to the possibility of a derivation that is independent of the Boundary BA techniques. Our second example is the tilted Néel state |Ψ(N, ϑ) given by the two-site block 19) where ϑ is the tilting angle. This is obtained from (2.19) by setting 21) and for the overlap we get 22) with
It can be seen immediately that in the β → ∞ limit the overlaps with N = L/2 converge to those of the original Néel state, whereas for N < L/2 they scale to zero.
Conclusions
In this work we conjectured the formula (3.13) for exact overlaps with arbitrary two-site states. The conjecture was confirmed by numerical tests, and we have shown that it produces the correct Quench Action TBA in the thermodynamic limit.
It is quite intriguing that the new exact formula involves the same ratio of two Gaudinlike determinants, that were derived originally for the Néel state in [11] . For the generalized dimer states given by (2.21) this can be understood through the relation (2.23) which relates the overlaps with them directly to the Néel case. On the other hand, in the generic case we do not know of such a simple relation which would follow immediately from the coordinate Bethe Ansatz wave function.
It might be that for generic two-site states it is only the on-shell case where such a simple final formula can be derived. The result of [34] point towards this possibility: for states corresponding to the special case of lower diagonal K-matrices the off-shell formula differs from that of the Néel state, but the on-shell case already takes the same form. The recursion relations derived in [55] also confirm this scenario, because they show that the generic off-shell case has to have different structure from the original off-shell formula for Néel (2.24) .
In the present work we have shown that the Gaudin-like determinants play a special role in the overlap sum rule (2.31) in the thermodynamic limit: their ratio tends to a finite number which cancels two other O(1) contributions to the Quench Action. These additional contributions come from the modified density of states due to the pair structure, and from the fluctuations around the saddle point solution, in complete analogy with the O(1) terms in the free energy of a boundary system [39, 40] . The cancellation in the L → ∞ limit is necessary for the consistency of the Quench Action method, but it is not enough to prove the finite volume formulas. It is worth noting again, that the same determinants already appeared in a specific overlap in the Lieb-Liniger model [61, 12, 13] , and analogous determinants were found for overlaps in the SU (3)-symmetric model too [27] . Thus they might be generally present in overlaps with integrable initial states.
Future tasks include the construction of a proof of our conjectured formulas, including the result (3.17) for one-site states in chains with odd length. We stress again that the existing methods in the literature were based on the Boundary Algebraic Bethe Ansatz, and this only applies to even volumes. Coordinate Bethe Ansatz calculations don't distinguish between the odd and even cases, thus they could confirm (3.17) for low particle numbers. Alternatively, the recursion relations of [55] could be adapted to the odd length case to find a general off-shell formula.
Also, it would be desirable to develop methods for overlaps in other models. In this work we have argued that factorized overlaps can be found only for integrable initial states. Therefore, in each model the first task is to characterize the integrable states (by integrable K-matrices or other tools), such that the overlap calculations can be carried out. An interesting example would be the spin-1 XXZ chain, where the integrable states are given in [28] , but the exact overlaps are not yet known. An other example is the SU (3)-symmetric chain: the results of [27] for an integrable MPS are obtained from coordinate Bethe Ansatz for small particle numbers, and it is desirable to find a general proof in this case too.
We hope to return to these questions in future research. Table 2 : Numerical data for the overlaps with the tilted ferromagnetic state. Here ∆ = 2 and L = 7.
and the normalized overlap as obtained from exact diagonalization (corresponding to the square root of (3.17)). We omitted all states that included the singular rapidities 0, π/2 or exact 2-strings of the form λ ± iη/2 with some λ ∈ R; in these cases regularized formulas are needed, which are not discussed in the present work. The difference between the prediction and the numerical data for the overlap was always smaller than 10 −12 , therefore we do not list the errors (at length L = 12 there were two states with an error of O(10 −5 ), but they had 2-strings very close to an exact two-string, and this was identified as the source of the bigger error). We found similar agreement for other (α, β, θ) parameters of the K-matrices. We also investigated the ∆ < 1 regime and found that the overlap formulas are correct for all regular Bethe states (there are a number of singular cases for ∆ < 1 [42] , but these are not discussed here Table 5 : Numerical data for the overlaps with the tilted ferromagnetic state. Here ∆ = 2 and L = 12.
